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Fig. 2 Variation of the spectrum function of 9°u,/0x,® fluctuations
with wave number.

the derived results do not match the test results at the higher
values of kg#. Using C, = 0.75 and o, = 2.0 gives fair agreement
while giving the desired limiting value of A(R).

The one-dimensional energy spectrum functions for Trusov’s
theory and Pao’s theory with C, = 0.75 and «, = 2.0.are com-
pared with the test data of Ref. 5, represented by Pao’s results
for C, =10 and o, =17, in Fig. 3. Trusov’s theory again
shows differences from the experimental data.

Based on these results it is felt that the use of Pao’s density
function with C, = 0.75 and «, = 2.0 provides the best over-all
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Fig. 3 Variations of the spectrum function of u, fluctuations with
wave number.
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match with the various forms of the available test data. Con-
sidering the variation of A(R) with Re obtained with this density
function, the following relations are obtained:

A(R) = 0.16 +3.54/Re, for Re = 1.0
A(R) = 0.16+3.54/(Re)?>, for 05 < Re<10

References

! Rotta, J. C,, “Turbulent Boundary Layers in Incompressible Flow,”
Progress in Aeronautical Sciences, Vol. 2, Boundary Layer Problems,
Pergamon Press, Macmillian, New York, 1962, pp. 3-219.

2 Bradshaw, P., “The Understanding and Prediction of Turbulent
Flow,” The Aeronautical Journal, Vol. 76, No. 739, July 1972, pp.
403-418.

3Mellor, G. L. and Herring, H. J, “A Survey of the Mean
Turbulent Field Closure Models,” AIAA Journal, Vol. 11, No. 5,
May 1973, pp. 590-599.

4 Trusov, B. G. “Determination of the Connection Between
Turbulence Intensity and Turbulent Energy Dissipation,” Soviet
Aeronautics, Vol. 14, No. 4, 1973, pp. 43-47.

° Pao, Y.-H., “Structure of Turbulent Velocity and Scalar Fields at
Large Wave-Numbers,” The Physics of Fluids, Vol. 8, No. 6, June
1965, pp. 1063-1075.

6 Reid, W. H., “One-Dimensional Equilibrium Spectra in Isotropic
Turbulence,” The Physics of Fluids, Vol. 3, No. 1, Jan—Feb. 1960,
pp. 72-77.

7 Stewart, R. W. and Townsend, A. A, “Similarity and Self-
Preservation in Isotropic Turbulence,” Philosophical Transactions of
the Royal Society of London, A, Vol. 243, 1950-1951, pp. 359-386.

8 Bradshaw, P, Ferriss, D. H., and Atwell, M. P., “Calculation of
Boundary Layer Development Using the Turbulent Energy Equation,”
Journal of Fluid Mechanics, Vol. 28, 1967, p. 593.

% Lawn, C. J,, “Application of the Turbulence Energy Equation to
Fully Developed Flow in Simple Ducts, Parts III and IV.)”
RD/B/R1575(B), Feb.1970, Berkiey Nuclear Lab., Berkeley, Gloucester-
shire, England.

10 Rose, W. G., “Results of an Attempt to Generate a Homogeneous
Turbulent Shear Flow,” Journal of Fluid Mechanics, Vol. 25, Pt. 1,
1966, pp. 97-120.

11 Beckwith, 1. E. and Bushnell, D. M., “Detailed Description and
Results of a Method for Computing Mean and Fluctuating Quantities
in Turbulent Boundary Layers,” TND-4815, Oct. 1968, NASA.

Edge Restraint Effect on Vibration
of Curved Panels

L. W. ReHFIELD, * J. GIRL,T AND C. A. SPARROW
Georgia Institute of Technology, Atlanta, Ga.

Introduction

N recent years, investigations have shown that edge restraint

effects are quite important in the buckling of shell structures.
The compressive buckling of cylindrical panels with various
limiting cases of edge restraint along the unloaded edges has
been studied by Rehfield and Hallauer.! A less exhaustive study
of cylindrical panels under external pressure has been done by
Singer et al.? These results indicate a high degree of edge
restraint sensitivity for buckling and prompt us to investigate
this effect on vibration in this Note.

Some attention has been paid to edge restraint effects on
vibration. Forsberg® studied complete homogeneous isotropic
cylindrical shells and found a particularly pronounced effect
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due to restraint of the axial (longitudinal) displacement com-
ponent. Palmer,* Sewall,’ and Webster® have studied the vibra-
tion of cylindrical panels with one type of simple support along
the edges and with completely clamped edges; for the most part,
these authors present approximate solutions based upon
Rayleigh or Rayleigh-Ritz methods.

A rather complete study of the influence of edge restraint on
simply supported cylindrical panels has been reported by
Matsuzaki.” Various types of in-plane or tangential boundary
conditions on both the curved and straight edges have been
considered and an over-all evaluation of their effect can be made.
If the ratio of the curved edge length to the straight edge
length is smaller than unity, boundary conditions on the curved
edges are very influential; if this ratio is larger than unity, the
conditions on the straight edges are more influential. In the latter
case, the vibration results for the fundamental mode are
qualitatively similar to those found for compressive buckling by
Rehfield and Hallauer for both simply supported and clamped
edges.

In this Note, we present rigorous solutions for square panels
vibrating in their fundamental mode. Both simply supported and
clamped edges with various limiting types of tangential restraint
along the straight edges are considered. The simply supported
solutions agree with the approximate solutions of Matsuzaki
obtained by Galerkin’s method. Three of the four clamped
solutions are believed to be new and provide sufficient informa-
tion for a comparison with the simply supported cases.

Basic Theory

An isotropic, Hookean elastic cylindrical panel with radius of
curvature R, developed width b, length 4, and thickness ¢ is shown
in Fig. 1. The origin of surface coordinates (X, Y) is the center
of the panel, and U, V, and W are midsurface displacement
components.

The analysis is based upon the following equations, which are
equivalent to those of Donnell® for lateral free vibration

V4 +2Kw,,, =0 1

—2Kf, .+ V*w—4iw =0 (2
u'x =f;yy_ vf;xx (3)

U,y = frix— Wyt 2Kw 4)

The dimensionless variables and parameters are listed below,
along with other important quantities
x=nX/b y=nY/b
K = {[31-v)]"*/n*}(b*/Rt) = 0 /o,
w=[12(1-v})}? W/t {u, v} = (4nEjo ,b){U, V}
o, =[ERA—]@b)? o, = {E[3(1-v)]"*}(yR)
A = (/o) o’ = [EZ/3(1—v*)p](n/b)*

V2= [0 Yox]+[0% yoy*]  VH )=V[VH( )] (9
The stress parameters ¢, and o, are the compressive buckling
stresses of long or square simply supported plates and one type
of simply supported cylindrical shell, respectively; w,, is the
fundamental frequency of a square simply supported plate; E
is Young’s modulus; vis Poisson’sratio ; and p is the mass density
of the plate material. f is a dimensionless Airy stress function
defined such that the membrane stresses, ¢,°, 6% and 7, °, are
given by the relations

{axa’ 0-yo’ 7’l:cyo} = (Up/4) {f;yyv j;xxv_f;xy} (6)
Harmonic motion with circular frequency w has been assumed,
and the effects of in-plane or tangential inertia have been
neglected.’

Fig. 1 Circular cylindrical shell
coordinate system and panel
geometry.
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The effect of various types of restraint applied to the straight
edges (Y = +b/2) is the problem considered here, and, for this
purpose, it is assumed that the restraint applied to both edges is
identical and that the vibration modes are sinusoidal functions of
X. This latter assumption implies that

w=w, =6°"=v=0 (7
at the edges X — +a/2; thisis the S, 2 type of restraint along the
curved edges discussed by Matsuzaki.”

Limiting cases of edge restraint which correspond to the
vanishing of generalized forces and generalized displacements at
a straight edge can be separated into two categories—normal
and tangential. Normal edge conditions characterize the bending
and twisting of the edge, whereas tangential (in-plane) edge
conditions characterize the stretching of the panel midsurface.
The following scheme of classification, due to Rehfield and
Hallauer,! is adopted. For normal edge conditions (Y = +b/2),
SS is the simply supported class for which

w=w, =0 ®)
CC is the clamped class for which
w=w, =0 9
For tangential edge conditions (Y = +5/2)
) ¢°=1,"=0 (10)
) o’=u=0 (11)
3) v=r,=0 (12)
4) v=u=0 (13)

A complete characterization of the edge restraint is obtained by
selecting one normal and one tangential edge condition. Thus, the
designation SS2 implies that Egs. (8) and (11) are enforced along
the straight panel edges.

Solutions to Eqgs. (1) and (2) of the appropriate type are
found by assuming

{f,w} = {4, B} e?” cos mx (14)

A and B are constants and m is a wavelength parameter which
will be called the aspect ratio of the vibration mode. If M denotes
the number of half-waves that occur in length a, then

m = b/(a/M) (15)

If Egs. (14) are substituted into Eqgs. (1) and (2), closed-form
expressions for the eight roots p can easily be found as
functions of A4, m and K. The exact nature of the roots depends
in a complicated way on 4, m and K, so all calculations have
been programed in complex arithmetic for the Univac 1108.

With the differential equations satisfied, the usual vibration
determinants, which correspond to nontrivial satisfaction of
prescribed boundary conditions, can be formulated and solved
for the values of A corresponding to free vibration for fixed
values of m and K. The details of the calculations are straight-
forward and will not be discussed.

Results and Discussion

All calculations have been carried out for square panels
(m=1) and attention has been restricted to the fundamental
modes of vibration in all cases. The effect of edge restraint is
expected to diminish for the higher modes.”

The results for simply supported panels are shown in Fig. 2. The
SS2 solution corresponds to the double-cosine mode of vibration
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which has been studied extensively.®~7 The results for the other
cases agree with the approximate solutions of Matsuzaki.”

The results for clamped panels are shown in Fig. 3. The
CC4 case has been studied previously*™® by approximate
methods. The remaining three solutions are believed to be new,
and they permit a comparison to be made with the simply
supported cases.

As can be seen from Figs. 2 and 3, the effect of tangential
boundary conditions is similar for simply supported and clamped
edges. Furthermore, the trends indicated are similar to those
foundin the compressive buckling cases by Rehfield and Hallauer.
We conclude, therefore, that the fundamental vibration frequency
is sensitive to rotational restraint (w,,, = 0 or w,, = 0), circum-
ferential restraint (¢,” = 0 or v = (), and longitudinal restraint
(t,,” = 0 or u = 0) of the straight edges, in decreasing order of
influence.
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Pressure Sources for a Wave Model
of Jet Noise
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HE structure of the turbulent jet has in recent years been
studied extensively in connection with noise generation. It
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was found that the structure of the turbulent mixing region is
organized fairly orderly and behaves like a wave train similar
to the hydrodynamic stability waves propagating in a shear
flow. Among many other experimental observations, Mollig-
Christensen' and Crow and Champagne? gave the most interest-
ing accounts of this wavelike phenomenon. A detailed measure-
ment of the spatial growth and decay of the pressure wave in
the turbulent mixing layer of a low-speed jet has recently been
reported by Chan.®* This regular structure in the turbulent
mixing region has also led to some revision of the turbuience
models used in the jet noise computations. In Michalke’s
model*-® the wave character of the flow is incorporated explicitly.
The source function is first resolved into Fourier components
in the azimuth angle and for each frequency the source com-
ponent is assumed to be wavelike. The far field solutions thus
obtained generate all essential features of the sound pressure
distributions observed experimentally. In Michalke’s work, the
exact form of the source components are not yet known and in
order to illustrate his solutions, several forms of source distri-
butions are assumed. The source term in Michalke’s wave
model, however, can be readily written in terms of the fluctuation
pressure according to the dilation theory of Ribner.® The
experimental results obtained by Chan? for the pressure wave
development in the mixing region can then be used to evaluate
the proper form for the source function.

From the dilation theory, the source term, g, can be written
as

= (1/ao*) 9*p*/or* ()

where a, is the speed of sound of the ambient air and p* the
pressure fluctuation in the jet. The single frequency comporent
of the source term can be obtained by Fourier transform of
Eq. (1). Thus the mth azimuth Fourier component for a single
frequency can be written as

0, (x. )= —k*P, (x,1) 2
where k = w/a, is the wave number of the sound wave at the

frequency . Assuming the pressure source P, “(x,r) is
separable in the independent variable x and r

P, .2(x,r) = F(xX)G(r) (3)
where F(x) and G(r) are, respectively, the longitudinal and
lateral amplitude distributions of the pressure waves inside the

jet. Then it can be shown that the far field sound pressure,

P,,.. is proportional to the source integrals*
R2L [t [t
P"‘“’OCAJ J FRX)GFrdrdx-1,-1, 4)
2 0JO
where
1
j G(F)FJ (kR sin 0F) dF
I ="°
r 1 N
J‘ G(F)F dr
(4]
1 ~
J F(xyexp [ial(1— M cos 0)x] dx
0
I, = :
j F(x) dx
o]
and
F=F/F,., G=G/G,,6 =x/L, F=r/R

L and R are the extents of the source region in the x and r
directions, respectively. 6 is the angle in polar coordinates for
the measuring point and Jm the Bessel function of order m. The
convection Mach number is the ratio of the phase velocity
¢, of the pressure wave and the ambient sound speed a,. The
phase velocity of the pressure wave is given in Ref. 3.

The experimental data of Ref. 3 show that the longitudinal
distributions of the amplitude of the pressure waves for different
Strouhal numbers are very similar to each other when the data
are plotted against a normalized scale of distance St x/D, where
St is the Strouhal number of the jet based on the jet velocity U



